4.3 - Spanning Sets

Definition: (generalizes linear combination from Section 3.1)

If w is a vector in a vector space V, then w is said to be a linear combination
of the vectors vy, vy, ..., v, in V if w can be expressed in the form

w = kyvy + kyvy, + ... + k,v,, where each k; is a scalar. The scalars are called
the coeflicients of the linear combination. In the case where r = 1, we have
W = k;Vvy, in which case the linear combination is a scalar multiple of the vector.
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#6 In each part, express the vector as a linear combination of of p; = 2 + x + 4x?,
P2 :1—x+3x2,anc}£3 =3+ 2x + 5x2.
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Definition: The span of a nonempty set S = {vy, v, ..., v,} of vectors is the set

of all possible linear combinations of vectors in S, denoted by span {vy, vy, ..., v, }
or span(S). If W = span(S), then we say that W is spanned by S.
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#12 Let T4 : R* — R? be multiplication by A. Determine whether the vector
u=(1, 2)isinthespanof {T4(e;), Ta(er)} — Caun wo b A (|, )
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#16 Let W be the solution space to the systeetermine whether the

set {u, v} spans W.
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Theorem 4.3.1 If S = {w;, W, ..., W,} is a nonempty set of vectors in a vector
space V, then:

a) The set W of all possible linear combinations of the vectors in S is a subspace
of V.
b) The set W in part (a) is the “smallest” subspace of V that contains all of the vec-

torsin S in the sense that any other subspace that contains those vectors contains
W.

Theorem 4.3.21If S = {vy, Vo, ..., v,}and &’ = {wy, W, ..., Wi} are nonempty

sets of vectors in a vector space V, then span {vy, v, ..., v,} = span{wy, W, ..., Wi}
if and only if each vector in S is a linear combination of those in S/, and each vec-
tor in S’ is a linear combination of those in S.



#20Letv; = (1, 6, 4),vo = (2, 4, —1),v3 = (-1, 2, 5),and

w; = (1, =2, =5), w, = (0, 8, 9). Use Theorem 4.3.2 to show that
span {vy, vy, v3} = span {w, w,}.
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